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ABSTRACT
We solve for waves in an isothermal, stratified medium with a magnetic field that points
along a direction perpendicular to that of gravity and varies exponentially in the direction of
gravity. For waves propagating along the magnetic field, we calculate approximate dispersion
relation as a function of the magnetic field strength. We also find exact solutions for two
different cases: (a) waves propagating along the direction of the magnetic field and (b) waves
propagating along the direction of gravity. In each of these cases, we find solutions in terms
of either confluent hypergeometric functions or Gauss hypergeometric functions depending
on whether the ratio of the scale height of the magnetic field over the density scale height is
equal to two or not.
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1 INTRODUCTION
Helioseismology has revolutionized solar physics. The technique
has allowed us to probe sub-surface flows in the Sun. In near future
it may be generalized to other stars too. But our knowledge of the
subsurface magnetic field in the Sun remains limited. Several re-
cent works (Schunker et al. 2005; Ilonidis et al. 2011; Singh et al.
2014, 2015, 2016, 2018) have attempted, in different ways, to in-
fer, from surface signatures, the sub-surface magnetic field that is
going to emerge at a certain location in the Sun. The problem of
inferring the subsurface magnetic field from observations of the
surface is an inverse problem. The corresponding direct problem
is to calculate what the surface signature of a subsurface magnetic
field would be. In this paper we do this calculation for one partic-
ular case. It is noteworthy to mention that almost all helioseismic
calculations have been carried out without considering the effect of
magnetic field on the solar atmospheric waves. Recently, there has
been a growing concern to include the effects of magnetic field in
helioseismic models (Cally 2007).
For simplicity, consider a Cartesian slab of plasma with con-
stant gravity acting in the negative z direction as shown in Fig. 1.
Assume the temperature to be a constant. Furthermore, assume pe-
riodic boundary conditions in the horizontal (x–y) directions. In the
absence of any magnetic field, there is a static solution of the equa-
tions of magnetohydrodynamics (MHD); the density ρ = ρ0(z)
is a function of the vertical coordinate z alone and the velocity is
zero everywhere. It is straightforward to apply the theory of lin-
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ear waves to this problem. Due to the symmetry of the problem,
the dynamical variables – velocity or Lagrangian displacement and
density – can be written down as exp i(kxx + kyy − ωt), multi-
plied by a function of the vertical coordinate z. In particular, the z
component of the Lagrangian displacement satisfies a second order
differential equation in z, (see, e.g., Tolstoy 1963, section 4). By
solving this equation with proper boundary conditions, we can find
out the dispersion relation of the waves in this setup. How would
this dispersion relation change in the presence of a horizontal mag-
netic field? For a constant magnetic field acting in the x direction,
with a background density that varies exponentially as a function
of the vertical coordinate, this problem was solved for waves prop-
agating along the direction of the magnetic field (the x direction)
by Nye & Thomas (1976); Adam (1977),(see also, Thomas 1983,
for a more comprehensive treatment) and for waves propagating
along the direction of gravity (the z direction) by Campos (1983).
In both of these cases, it is possible to find an exact solution that
uses the hypergeometric functions. Campos & Marta (2015) gen-
eralized the latter to the one where the magnetic field is also an
exponential function of the vertical coordinate z, with a charac-
teristic length scale ℓB, but its direction remains fixed – along the
x direction. For the particular case where ℓB is twice the density
scale height, ℓρ, Campos & Marta (2015) found an exact solution
for waves propagating along the gravity field in terms of confluent
hypergeometric functions. The problem remains unsolved for any
value of ℓB/ℓρ, not equal to two as well as for waves propagating
along the x direction – the direction of the magnetic field and along
the y direction – the direction orthogonal to both the direction of
the magnetic field and the direction of gravity.
c© 0000 The Authors
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Figure 1. A schematic sketch of the domain we consider. The velocity is
zero everywhere and the background magnetic field, pointing along the x-
direction, varies only as a function of height, z; the gravity acts vertically
downward. We choose periodic boundary conditions in the horizontal di-
rection xy plane.
2 MODEL
We do a straightforward calculation of an idealized problem: the
properties of linear waves in a stratified isothermal plasma, perme-
ated with magnetic field. The equations of motion of the plama is
given by the MHD equations (see, e.g., Choudhuri 1998) with uni-
form gravity, g, acting in the negative z direction as:
∂tρ+∇ · (ρU) = 0; (1a)
∂t(ρUα) + ∂β (ρUαUβ + Pδαβ) = −ρgδα3 + ǫαβγJβBγ ;
(1b)
∂tB =∇× (U ×B) . (1c)
Here ρ,U , P , andB are the density, the velocity, the pressure, and
the magnetic field respectively. J = (1/µ0)∇ ×B is the current
density. Equation (1a), (1b), and (1c) are respectively the continuity
equation, the momentum equation, and the induction equation. As
the equations of MHD are a consequence of Maxwell’s equations,
we also have,
∇ ·B = 0. (2)
To simplify our notation, we have written the momentum equation
in tensor notation and the other two in vector notation. The second
rank tensor δαβ is the Kroneker delta and the third rank tensor ǫαβγ
is the Levi-Civita tensor. We have used SI units where µ0 denotes
the permittivity of vacuum. We have also ignored all dissipative
effects – viscosity and electrical resistance of the plasma. These
equations must be supplemented by an equation of state, which we
assume is the ideal gas equation of state,
c2s =
γadP
ρ
. (3)
where cs and γad are the speed of sound and adiabatic index of
the gas. We study this problem under isothermal condition, i.e., the
speed of sound, cs, is a constant.
2.1 Static background state
To study linear waves, let us first consider the background state of
the system. Assume that the fluid in the box is in a static state –
velocity U = 0, with density ρ = ρ0 and magnetic fieldB = B0,
which are constant in time. Here, in addition to density ρ0 being
a function of the vertical coordinate (z), the magnetic field is also
a function of height. If the magnetic field had been uniform (or if
Table 1. Summary of non-dimensional parameters: ℓρ is the density scale-
height and ℓB is the scale-height of the magnetic field.
Non-dimensional Comment Non-dimensional Comment
parameter parameter
z∗ = z
ℓρ
ρ∗0 =
ρ0
ρ00
D = ℓρ
d
dz
B∗0 =
B0
B00
k∗x = kxℓρ MA =
v2A
c2s
=
B00
2
µ0ρ00c2s
(
Ms
MA
)2
k∗y = kyℓρ β =
Pgas
Pmag
=
2µ0Pg
B002
Plasma beta
ω∗ =
ωℓρ
cs
q =
ℓB
ℓρ
the magnetic field were absent), it would have played no role in the
stationary state. The background density ρ0 would have been an
exponential function of z with the scale height, ℓρ = c
2
s/(gγad).
We consider the simplest possible case where the magnetic field is
not a constant. It points in the x direction and is a function of the
z coordinate. This is motivated by the fact that in a typical emer-
gence phenomenon, a bipolar active region on the solar surface, is
believed to form from underlying magnetic field lines that are hor-
izontal. The stationary state of such a system is a solution of
c2s
γad
∇ρ0 = ρ0g + J0 ×B0; (4a)
∇ ·B0 = 0. (4b)
2.1.1 Non-dimensionalization
Before proceeding further let us non-dimensionalize our equations.
We consider ℓρ to be our characteristic length scale, the speed of
sound cs as our characteristic scale of velocity, the density at the
bottom of our domain ρ00 as our characteristic density scale and
(the magnitude of) the magnetic field at the bottom of our domain
B00 as our characteristic scale of magnetic field.
Let us now assume that the background magnetic field has the
form,
B0(z) = xˆB00 exp(−z/ℓB). (5)
where ℓB is the scale height of magnetic field. Rewriting this equa-
tion in terms of dimensionless variables we obtain
B
∗
0 = xˆ exp(−z
∗/q) (6)
where q = ℓB/ℓρ is the ratio of the characteristic length scale of
magnetic field variation to the characteristic length scale of density
variation. Equation (4a) rewritten in the non-dimensionalized form
is
Dρ∗0 + ρ
∗
0 +
1
2
γadMAD(B
∗
0 )
2 = 0, (7)
where the differential operator D ≡ ℓρ(d/dz) and MA is the di-
mensionless number defined in table 1. We have further assumed
that the background magnetic field and the density are functions of
only the vertical coordinate, z. Integrating (7) we obtain a relation-
ship between the background density and the background magnetic
field,
ρ∗0(z
∗) = −
(
γadMA
2
)
e−z
∗
∫
ez
∗
D(B∗0 )
2dz∗. (8)
This equation is true, in general, irrespective of whether the back-
ground magnetic field is an exponential function of the vertical co-
ordinate or not. Substituting (6) in (8) and simplifying, we obtain:
MNRAS 000, 000–000 (0000)
Magnetic waves in a stratified medium 3
ρ∗0(z
∗) =
(
1−
γadMA
q − 2
)
e−z
∗
+
γadMA
q − 2
e−2z
∗/q for q 6= 2;
(9a)
ρ∗0(z
∗) =
(
1 +
γadMA
2
z∗
)
e−z
∗
for q = 2. (9b)
This means that the density drops exponentially with height for q 6=
2. However, when q = 2, it increases linearly with height for z∗ ≪
1 and drops exponentially for z∗ ≫ 1.
For notational simplicity, in the rest of the paper, we shall drop
the asterisks from the non-dimensional quantities.
2.2 Linearized MHD equations
The standard way of studying linear waves is to linearize the MHD
equations about the static background state:
(ρ,U ,B) = (ρ0,0,B0) + ε (ρ,u, b) , (10)
where ε is a small parameter. We have not included pressure as
a separate variable as both the presssure and its perturbation are
related to density by the equation of state. We substitute (10) in
(1), expand it and keep terms upto first order in ε. After some
straightforward algebraic simplifications we reduce the problem to
a second-order-in-time equation for the perturbed velocity alone:
∂2u
∂t2
=
1
ρ0
∇(ρ0c
2
s∇ · u) +∇(u · g)− g(∇ · u)
−
1
ρ0
∇
[
u ·
{
∇
(
B0
2
2µ0
)
−
1
µ0
B0 · ∇B0
}]
+
1
µ0ρ0
[∇× (∇× (u×B0))×B0]
+
1
µ0ρ0
[(∇×B0)× (∇× (u×B0))]
(11)
This is a standard method of analysis, see, e.g., Chandrasekhar
(1961).
3 GENERAL TREATMENT
We have chosen a domain that is periodic in the horizontal direction
but not in the vertical direction. We now decompose the velocity
perturbation as
u(x, y, z) = uˆ(kx, ky, z, ω) exp i(xkx + yky − ωt) (12)
where the amplitude, uˆ(kx, ky, z, ω), depends on height, z. Substi-
tuting in (11), we obtain three coupled ordinary differential equa-
tions (ODEs) for the three components of velocity uˆx, uˆy, uˆz . We
nondimensionalize them following the same prescription described
in the section 2.1.1 to obtain:
(
ω2 − kx
2) uˆx − kxkyuˆy − ikx
(
1
γad
−D
)
uˆz = 0, (13a)
−kxkyuˆx +
(
ω2 − ky
2 − k2MA
B0
2
ρ0
)
uˆy
− iky
[
1
γad
−
(
1 +
B0
2
ρ0
MA
)
D
]
uˆz = 0,
(13b)
and
ikx
[
D +
1
γad
− 1−
γadMA
2
D(B0)
2
ρ0
]
uˆx
+ iky
[
D +
1
γad
− 1 +MA
B0
2
ρ0
D + (2− γad)
MA
2
D(B0)
2
ρ0
]
uˆy
+
[
ω2 +D2 −D + (2− γad)
MA
2
D(B0)
2
ρ0
D
]
uˆz
+MA
B0
2
ρ0
(D2 − kx
2)uˆz = 0.
(13c)
Equation (13a)-(13c) are completely general for the case
where the background magnetic field everywhere points along the
x direction and is a function of the the z coordinate alone. These
equations simplifies further if the magnetic field is a constant in
space. Several such cases has already been studied in detail by
Nye & Thomas (1976); Adam (1977); Thomas (1983); Campos
(1983). In this paper we consider the more general case where B0
is a function of the z coordinate.
In particular, we list the following cases:
(i) Waves propagating along the x direction (along the back-
ground magnetic field).
(ii) Waves propagating along the z direction (along the direction
of gravity).
(iii) Waves propagating along the y direction (orthogonal to the
direction of both the gravity and the background magnetic field).
For waves traveling along the gravity, Campos & Marta (2015) pre-
sented an exact solution for a very special case of q = 2. In this
paper, we consider the first and the second cases and present exact
solutions for arbitrary values of q. For waves propagating along a
general direction the problem becomes too cumbersome. We also
point out the potential signatures of subsurface solar magnetic field
by looking at the changes in dispersion relation for waves.
Clearly a general way to treat these problems is to eliminate
two variables from the three equations, (13a)-(13c); then consider
the ratio of the scale-heights, q to be a small-parameter and study
these problems using perturbation theory. It turns out that in the
two cases we consider, this route is not necessary as exact solutions
in terms of hypergeometric functions exist. Furthermore, in each of
these two cases, q = 2 is special and must be dealt with separately.
Let us first give a short summary of our calculations. In gen-
eral, when we eliminate two of the three variables from the three
equations we obtain a differential equation with coefficients that
depend on the background density and magnetic field. As both of
these quantities have exponential dependence on z, we obtain a dif-
ferential equation with exponential coefficients. Next, we look at
dispersion relation for waves in Section 4 and obtain exact solutions
in Section 5. For the latter, several change of variables is necessary
to convert the differential equation with exponential coefficients to
differential equations with coefficients that depend algrebrically on
the independent variable. This ultimately leads us to the hypergeo-
metric differential equation.
MNRAS 000, 000–000 (0000)
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4 DISPERSION RELATION FORWAVES PROPAGATING
ALONG THEMAGNETIC FIELD
We set ky = 0 and kx = k in Equation (13a) - (13c) to obtain:
(
ω2 − k2
)
uˆx − ik
(
1
γad
−D
)
uˆz = 0, (14a)(
ω2 − k2MA
B0
2
ρ0
)
uˆy = 0, (14b)
ik
[
D +
1
γad
− 1−
γadMA
2
D(B0)
2
ρ0
]
uˆx
+
[ (
1 +MA
B0
2
ρ0
)
D2 −
(
1 + (γad − 2)
MA
2
D(B0)
2
ρ0
)
D
]
uˆz
+
(
ω2 − k2MA
B0
2
ρ0
)
uˆz = 0.
(14c)
The uˆy mode in Equation (14b) is decoupled from the other two.
We are primarily interested in the uˆz mode, so we eliminate uˆx
betweeen (14a) and (14c) to obtain[(
ω2 − k2
)
MA
B0
2
ρ0
+ ω2
]
D2uˆz − ω
2Duˆz
+
[(
ω2 − k2
)(
ω2 − k2MA
B0
2
ρ0
)
+
k2
γ2ad
(γad − 1)
]
uˆz
+
D
(
B0
2
)
ρ0
MA
[(
ω2 − k2 −
ω2γad
2
)
Duˆz +
k2
2
uˆz
]
= 0.
(15)
In the above equation, the expressions for ρ0 and B0 are given by
ρ∗0 and B
∗
0 in (9) and (6). To simplify our notations we have now
renamed our dimensionless variables. If the background magnetic
field is a constant, these equations reduce to the ones considered
by Nye & Thomas (1976).
The above equation, (15), can be rewritten as:
D2uˆz + f(z)Duˆz + r(z)uˆz = 0 (16)
where
f(z) =
[
D(B02)
ρ0
MA
(
ω2 − k2 − ω
2γad
2
)
− ω2
]
[
(ω2 − k2)MA
B02
ρ0
+ ω2
] (17a)
and
r(z) =
[(
ω2 − k2
) (
ω2 − k2MA
B0
2
ρ0
)
+ k
2
γ2
ad
(γad − 1)
]
[
(ω2 − k2)MA
B02
ρ0
+ ω2
]
+
D(B02)
ρ0
MA
k2
2[
(ω2 − k2)MA
B02
ρ0
+ ω2
] .
(17b)
Following Tolstoy (1963), we apply the transformation
uˆz(z) = ψ(z) exp
[
−
1
2
∫ z
f(z)dz
]
(18)
in equation (16) from which we obtain,
D2ψ(z) + Γ2(z)ψ(z) = 0, (19)
with
Γ2(z) = r(z)−
f2(z)
4
−
Df(z)
2
. (20)
The equation (19) is the usual form of the wave equation. When
Γ2(z) > 0, ψ(z) locally exhibits oscillatory behaviour in z and
when Γ2(z) < 0, exponential or hyberbolic nature of ψ(z) is re-
alized. Thus Γ can be interpreted locally as the vertical component
of the wavenumber (Tolstoy 1963).
We consider the boundary conditions: uˆz = 0 at z = 0 (bot-
tom) and ∂zuˆz = 0 at z = 1 (top). Our ansatz for discretising Γ is
analogous to the organ pipes where we have:
Γ =
(
n+
1
2
)
π
Lz
, n = 0, 1, 2, 3, ... (21)
where n represents the number of nodes in the z-direction (radial
nodes). This is valid only when Γ does not depend on z. Since
in this paper, we are interested in dealing with high-degree (i.e.
high-wavenumber) p-modes, which are trapped in a very thin
region near the solar surface, we consider the size of the box to
be Lz = ℓρ. Under such circumstance, we find that Γ of equation
(20) remains approximately constant for z ∈ [0, 1] and hence, the
ansatz (21) is reasonable for obtaining a qualitative idea of how
magnetic field could change the dispersion relation.
If Γ is not a function of z, one should use the WKB approxi-
mation: ∫ z
Γ(z)dz =
(
n+
1
2
)
π, (22)
which is a very good approximation for large n. If accurate eigen-
frequencies valid for all n are required, an exact quantization
scheme for Γ is to be used:∫ z
Γ(z)dz =
(
n+
1
2
)
π + δc. (23)
where δc is the ’quantum correction’, similar to the one proposed
by Ma & Xu (2005). However, we do not employ such approach
here.
It should be noted that the Duvall’s law, which was used in
solar observations and which led to the beginning of inversion of
sound speed with depth in the Sun, also had a similar functional
form (Duvall 1982):
Γ =
(nD + α) π
Lz
, nD = 1, 2, 3, ... (24)
Importantly, nD = 0 was excluded in Duvall’s analysis as its
frequencies did not fall along a curve where all frequencies
corresponding to other values of nD collapsed. On the other hand,
the parameter α was found to best fit the curve with its value nearly
equal to 3/2. In fact, α is shown to be a function of frequency
(Gough 1987; Christensen-Dalsgaard 2003). We note that the
equations (21) and (24) are identical if we include nD = 0 and
parametrize α = 1/2.
Using equations (20) and (21), we find an approximate disper-
sion relation:(
n+
1
2
)2
π2
L2z
= r(z)−
f2(z)
4
−
Df(z)
2
, (25)
which results into a sixth order polynomial equation in ω. They rep-
resent a pair of acoustic, Alfven, and internal gravity waves, each
modified by the other ones. This equation, (25), is the dispersion re-
lation valid for waves that propagate along the magnetic field with
the background horizontal magnetic field varying vertically in any
arbitrary manner. We now choose the profile of the magnetic field
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in two different cases – uniform field and exponentially decaying
field along the vertical direction.
4.1 Uniform background magnetic field
From equation (7), we find that the background density varies expo-
nentially along the direction of gravity when the background mag-
netic field is uniform in space. So, the non-dimensionalised Alfven
speed becomes:
vA
2(z) =
B20
ρ0
= ez. (26)
Hence, the expressions for f(z) and r(z), utilizing equations (17a)
and (17b), are:
f(z) =
−ω2
[(ω2 − k2)MAez + ω2]
(27a)
and
r(z) =
(
ω2 − k2
) (
ω2 − k2MAe
z
)
+ k2N2
[(ω2 − k2)MAez + ω2]
(27b)
where the non-dimensionalised Brunt-Va¨isa¨la¨ frequency, N , is de-
fined as
N =
√
(1/γad − 1/γ2ad). (28)
This frequency,N , of course, changes in the presence of mag-
netic field. The first term inside the radical of N accounts for den-
sity stratification and the other captures the effect of adiabatic ex-
pansion.
Substituting these expressions for f(z) and r(z) in equation
(20), we get,
4Γ2
[(
ω2 − k2
)
MAe
z + ω2
]2
= 4
[(
ω2 − k2
) (
ω2 − k2MAe
z)+ k2N2] ·[(
ω2 − k2
)
MAe
z + ω2
]
− 2ω2
(
ω2 − k2
)
MAe
z − ω4
(29)
This equation is cubic in ω2, representing three pairs of
magneto-acoustic-gravity waves. We solve for the root of this equa-
tion that corresponds to the pressure mode.
The frequencies for pure acoustic and pure internal gravity
waves in a stratified medium are respectively given as (Tolstoy
1963):
ω2A = k
2 + Γ2 + 1/4, (30a)
ω2I =
k2N2
k2 + Γ2 + 1/4
, (30b)
where Γ is defined in the equation (21).
In a compressible fluid with gravity, these frequencies be-
come:
ω2± =
1
2
ω2A
[
1±
√
1− 4
(
ω2I
ω2A
) ]
(31)
where ω+ and ω- stand for the high-frequency acoustic wave and
the low-frequency internal gravity wave, each modified by the
other one. This gravity-modified acoustic wave frequency (ω+) is
compared in Fig. 2 with the its further modified wave frequency
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0
5
10
15
20
25
30
35
 
 
p0
p1
p2
p3
Horizontal wavenumber (k
x
)
Fr
eq
ue
nc
y 
(ω
)
MA = 1
MA = 0.01
MA = 0
Figure 2. Dispersion relation for acoustic waves propagating along the uni-
form background magnetic field for three cases: in the absence of magnetic
field, in the presence of magnetic field whose strengths are measured as
MA = 0.01 and MA = 1. This non-dimensionalised parameter MA is
defined in Table 1. p0, p1, p2, and p3 represent the fundamental pressure
mode and the first, second and third overtones respectively.
due to the presence of magnetic field, which is computed using the
equation (29).
We find that the presence of a horizontal magnetic field in-
creases the frequencies of p-modes. Fig. 2 demonstrates that the
ridges in the kx − ω diagram shift only when the Alfven speed
is significantly close to (or more than) the sound speed. It can,
therefore, be concluded that the ring-diagram analysis applied for
the quite Sun is unaffected by the ubiquitous small-scale mag-
netic field. However, when the magnetic field becomes stronger,
frequency shifts in the dispersion relation are observed.
4.2 Non-uniform background magnetic field
Now we need to consider two different cases, the more general q 6=
2 and the particular q = 2.
4.2.1 Ratio of scale-heights q 6= 2
For this case, the density profile is given by equation (9a).
Let’s calculate the non-dimensionalized Alfven speed as a
function of height,
vA
2(z) =
B20
ρ0
=
[
γadMA
q − 2
+
(
1−
γadMA
q − 2
)
e−(1−2/q)z
]−1
.
(32)
Straighforward algebra show that, in equation (32), we can
write
γadMA = 2/β (33)
where β is the plasma-beta, the ratio of the gas-pressure to the mag-
netic pressure at the bottom of our domain.
MNRAS 000, 000–000 (0000)
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Figure 3. Dispersion relation for acoustic wave (the fundamental pressure
mode, p0) propagating along the magnetic field (MA = 1) where the field
drops exponentially in vertical direction. The ratio of scale heights of mag-
netic field and density is q; q = ∞ is the case of uniform background
magnetic field.
In order to obtain the dispersion relation for this case, we eval-
uate the expressions for f(z) and r(z) of equation (20) using the
equations (17a), (17b), and (32). As in the previous section, 4.1,
we get three pairs of waves, out of which the pressure-modes are
shown in Fig. 3. We find that the frequency shift due to the pres-
ence of a horizontal magnetic field on the kx − ω diagram is less
when the magnetic field drops with height, but is still significant for
q = 10.
4.2.2 Ratio of scale-heights q = 2
The Alfven speed, in this case, is given as:
vA
2(z) =
B20
ρ0
=
[
1 +
γadMA
2
z
]−1
. (34)
The dispersion relation for acoustic wave for MA = 1 is presented
in the Fig. 3.
5 EXACT SOLUTIONS
5.1 Waves propagating along the magnetic field
We obtain an exact solution for waves that propagate along the
magnetic field. The magnetic field with its scale height twice the
density scale height turns out to be a special case and is, therefore,
dealt with separately later.
5.1.1 Ratio of scale-heights q 6= 2
We substitute (32) in (15), simplify it, and perform the following
change of variable
s =
(
1−
2
q
)
z. (35)
Equation (15) can then be written in the following form:
[A2e
s +B2]
d2uˆz
ds2
+ [A1e
s +B1]
duˆz
ds
+ [A0e
s +B0] uˆz = 0
(36)
where the expressions for A0, A1, A2 and B0, B1, B2 are given in
appendix A.
Next, following Campos & Marta (2015), we do two more
change of variables,
ξ = −
B2
A2
e−s, (37a)
W = uˆze
−θs, (37b)
where θ is yet undetermined constant. After some straightforward
simplifications we obtain:
ξ(1− ξ)
d2W
dξ2
+
[(
2θ + 1−
A1
A2
)
−
(
2θ + 1−
B1
B2
)
ξ
]
dW
dξ
−
(
θ2 −
B1
B2
θ +
B0
B2
)
W +
(
θ2 −
A1
A2
θ +
A0
A2
)
W
ξ
= 0
(38)
Now, we choose θ such that the last term in the above equation
vanishes, i.e.
θ2 −
A1
A2
θ +
A0
A2
= 0. (39)
Consequently, Equation (38) turns into the hypergeometric equa-
tion:
ξ(1− ξ)
d2W
dξ2
+ [C − (A+B + 1) ξ]
dW
dξ
−ABW = 0. (40)
where the parameters A, B, and C are given by
C = 2θ + 1−
A1
A2
(41a)
A+B + 1 = 2θ + 1−
B1
B2
, (41b)
AB = θ2 −
B1
B2
θ +
B0
B2
(41c)
and θ is given by the equation (39). This completes the first stage
of our calculations.
The solution to the Gauss hypergeometric differential equa-
tion (40) may be expressed in terms of hypergeometric functions
(for |ξ| < 1) as:
W (A,B;C; ξ) =
Γ (C)
Γ (A) Γ (B)
∞∑
n=0
Γ(A+ n)Γ(B + n)
Γ(C + n)
ξn
n!
(42)
Transforming back to the original variables, the solution can be
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Figure 4. (Normalized) Eigenfunctions of the first three p-modes (p0, p1,
and p2 at respective nondimensionalised frequencies ω = 5.25, 6.92, 9.41
for kx = 5). Other parameters choosen are MA = 10
−2, and q = 10.
written down as
uˆz(z) = D1e
−zθ(1−2/q)
2F1
(
A,B;C;−
B2
A2
e−z(1−2/q)
)
+D2e
−zθ(1−2/q)(A1/A2θ−1)
[
−B2
A2
]1−C
2F1
(
A− C + 1, B −C + 1; 2− C;−
B2
A2
e−z(1−2/q)
)
.
(43)
whereD1 andD2 are two constants that must be determined by the
boundary conditions and 2F1 is the Gauss hypergeometric function.
Our result holds true for |ξ| < 1. All constants – A, B, C, A0, A1,
A2, B0, B1, B2 and θ are functions of ω, k, γad, β, and q.
The eigenfunctions, uˆz , for the first three p-modes of oscilla-
tions, using equation (43), are shown in Fig. 4. The values of eigen-
frequencies, ω, were choosen after computing them for n = 0, 1, 2
using the equation (20) for kx = 5. All eigenfunctions satisfy the
boundary conditions of uˆz = 0 at z = 0 (bottom) and ∂zuˆz = 0 at
z = 1 (top).
5.1.2 Ratio of scale-heights q = 2
In this case we proceed in a very similar fashion. We do not repeat
the details of our calculations but merely write down the solution.
The solution uˆz can, in general, be written down as
uˆz(z, ω, k) = A+1F1 (m+; 1;-η5 (η1 + z)) e
(
1+η5
2
)
(η1+z)
+ A-1F1 (m-; 1; η5 (η1 + z)) e
(
1-η5
2
)
(η1+z)
(44)
where the function 1F1 is the confluent hypergeometric function of
the first kind. Here the constants,m+ andm- are given by
n = 1
m± =
1
2
(
1±
1
η5
)
±
η3
η5
(η4 − η1)
(45)
All η’s are functions of ω, k, γad, and/or β as given in ap-
pendix B. The constants A+ and A- must be determined by the
choice of boundary conditions.
5.1.3 The special case of a constant B0
In the special case whereB0 is a constant in space we take the limit
q →∞ to obtain:
A2 = a2 = (ω
2 − k2)M
A1 = a1 = 0
A0 = a0 = −k
2M(ω2 − k2).
(46)
The equation (39) reduces to
θ = ±k. (47)
We, thus, reproduce the results of Nye & Thomas (1976).
5.2 Waves propagating along the direction of gravity.
Next we consider the problem for waves propagating perpendicular
to the magnetic field, along the direction of gravity. Again we need
to consider two cases q 6= 2 and q = 2. The latter has already been
solved exactly by Campos & Marta (2015). Below we present the
solution for the former.
As we consider waves propagating along the z direction we
substitute kx = 0 = ky in equations (13a)-(13c) to obtain:
ω2uˆx = 0, (48a)
ω2uˆy = 0, (48b)
[
ω2 +D2
(
1 +MA
B0
2
ρ0
)
−D + (2− γad)
MA
2
D(B0)
2
ρ0
D
]
uˆz
= 0.
(48c)
Clearly the solution to the differential equation (48c) can be ob-
tained by substituting kx = k = 0 in the solution presented in
section 5.1.1:
uˆz(z) = D1e
−zθ(1−2/q)
2F1
(
A,B;C;−
B2
A2
e−z(1−2/q)
)
+D2e
−zθ(1−2/q)(A1/A2θ−1)
[
−B2
A2
]1−C
2F1
(
A− C + 1, B − C + 1; 2− C;−
B2
A2
e−z(1−2/q)
)
.
(49)
where the parameters A, B, C, θ, A2, and B2 are provided in the
Appendix C, using k = 0.
The solution for q = 2, given by Campos & Marta (2015)
can be reproduced from our results in section 5.1.2 if we substitute
k = 0 in Equation (44).
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6 CONCLUSIONS
To summarise, we investigate the detectable signatures of subsur-
face solar magnetic fields by looking at changes in the dispersion
relation of waves in the presence of uniform and non-uniform mag-
netic fields. We find the changes are significant for a strong subsur-
face magnetic field.
We find exact solutions for waves in an isothermal, stratified
medium with a magnetic field that points along a direction per-
pendicular to that of gravity and varies exponentially in the direc-
tion of gravity. Our exact solutions are for two different cases: (a)
waves propagating along the direction of magnetic field, (b) waves
propagating along the direction of gravity. In all of these cases we
find solutions in terms of either Gauss hypergeometric or confluent
hypergeometric functions. For waves propagating along a general
direction in the horizontal plane – the plane perpendicular to grav-
ity – no exact solution has been found so far. The case (a) above
can also be considered as Alfven waves in a non-uniform magnetic
field modified by the presence of stratification. Two earlier results
by Nye & Thomas (1976) and Campos & Marta (2015), emerges
as special cases of our solutions.
We have considered the background magnetic field to be con-
stant in time. This is physically justifiable as the time scale of emer-
gence of magnetic flux and formation of active regions on the solar
surface is very slow compared to characteristic time scales of he-
lioseismic waves. Hence it is a good enough approximation to con-
sider the background magnetic field to be static. Typical emergence
phenomenon is the formation of a bipolar region, which is expected
to form from an underlying magnetic field lines that are horizontal.
Hence starting with a horizontal magnetic field can also be taken
as a reasonable approximation. But, the assumptions that the gas
is ideal and the atmosphere is isothermal cannot be used (Ulrich
1970). Hence our result cannot directly be compared with solar ob-
servations. However, certain qualitative results may still hold. For
example, it is clear that a subsurface magnetic field will give rise
to vertical oscillation propagating along horizontal directions on
the surface. In other words, subsurface magnetic fields have sur-
face signatures that may be detectable. Furthermore, we expect the
dispersion relation to depend on the direction of propagation of the
wave with respect to the direction of the sub-surface magnetic field.
In addition, the exact solution that we provide can be used to verify
the accuracy of numerical codes, which in turn may be more useful
in studying the Sun.
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APPENDIX A: EXPRESSIONS FOR A AND B
We present here the expressions for constants introduced in equa-
tion (36) of section 5.1.1.
A2 =
[(
ω2 − k2
)
MA + ω
2 γadMA
q − 2
](
1−
2
q
)2
B2 = ω
2
(
1−
γadMA
q − 2
)(
1−
2
q
)2
A1 = −
[
2MA
q
(
ω2 − k2 −
ω2γad
2
)
− ω2
γadMA
q − 2
](
1−
2
q
)
B1 = −ω
2
(
1−
γadMA
q − 2
)(
1−
2
q
)
A0 =
(
ω2 − k2
) [
ω2
γadMA
q − 2
− k2MA
]
+
k2
γ2ad
(γad − 1)
γadMA
q − 2
−
MAk
2
q
B0 = ω
2
(
ω2 − k2
)(
1−
γadMA
q − 2
)
+
k2
γ2ad
(γad − 1)
(
1−
γadMA
q − 2
)
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APPENDIX B: EXPRESSIONS FOR η
The expressions for η’s used in equation (45) of section 5.1.2 are
listed here:
η1 =
2
γad
(
1−
k2
ω2
)
+ β
η2 = −
2
γad
(
1−
k2
ω2
−
γad
2
)
− β
η3 =
k2
ω2
(γad − 1)
γ2ad
+
(
ω2 − k2
)
η4 =
(
1− k
2
ω2
)(
ω2β − 2k
2
γad
)
+ k
2
ω2
(γad−1)
γ2
ad
β − k
2
ω2
γad
k2
ω2
(γad−1)
γ2
ad
+ (ω2 − k2)
η5 = (1− 4η3)
1/2
APPENDIX C: EXPRESSIONS FOR A,B, AND C
We provide here the parameters utilized in equation (49) of section
5.2
A2 = ω
2M
(
1 +
γad
q − 2
)(
1−
2
q
)2
B2 = ω
2
(
1−
γadM
q − 2
)(
1−
2
q
)2
A1 = −ω
2M
(
2− γad
q
+
γad
q − 2
)(
1−
2
q
)
B1 = −ω
2
(
1−
γadM
q − 2
)(
1−
2
q
)
A0 = ω
4 γadM
q − 2
B0 = ω
4
(
1−
γadM
q − 2
)
.
Now, θ can be calculated using the equation (39) using the
following set of equations:
θ =
1
2

A1
A2
±
√(
A1
A2
)2
−
4A0
A2

 .
Lastly, the parameters A, B, and C in equation (49) are eval-
uated as:
C = 2θ + 1−
A1
A2
A+B + 1 = 2θ + 1−
B1
B2
,
AB = θ2 −
B1
B2
θ +
B0
B2
.
This completes the specification for obtaining the Gauss hypergeo-
metric funtion as the solution for vertical propagation of magneto-
acoustic-gravity waves.
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